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Abstract
We present a connection between congruences on a free monoid and its monoid semiring
using the analog of the Mal’cev Lemma. c© 2001 Elsevier Science B.V. All rights reserved.
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A connection between congruences on 4nitely presented commutative monoids and
polynomial rings over Q was 4rst considered by Emelichev (see, e.g., [2]). He solved
the word problem for commutative monoids by deciding the ideal membership problem.
Madlener and Reinert [2] showed how congruences on monoids can be characterized
by ideals in corresponding monoid rings, and used this method in order to transfer
various facts on string rewriting systems for presenting monoids to the algebraic set-
ting of subalgebras and ideals in monoid rings. Here, we generalize their result for
monoid semirings, and establish a connection between congruences on free monoid
and its monoid semirings (see Theorem 2 below). This is a step towards rewriting on
semirings, making it possible to use well-known techniques of string rewriting sys-
tems in the case of semirings, as well. Our proof relies on an analog of the Mal’cev
Lemma (see [3]), which describes congruences generated by relations on algebras (or,
in another terminology, Thue congruences).
Recall that a string rewriting system or semi-Thue system is a pair (X; T ), where
X is an alphabet and T is a subset of X ∗ ×X ∗. For any u; v in X ∗, we write u→T v
if and only if there exist a; b in X ∗ and (w; w′) in T such that u= awb and v= aw′b.
The re@exive transitive symmetric closure of →T is denoted by ∗↔T and is called the
Thue congruence generated by T . The congruence class containing an element u∈X ∗
is denoted by u= ∗↔T .
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Throughout, we consider a semiring R with zero (both additive and multiplicative)
and with multiplicative identity element. For a set X , the de4nition of the free monoid
semiring RX ∗ is similar to that of a free monoid ring. Namely, RX ∗ consists of all
polynomials over R in noncommuting variables of X . Denote by (T ) the congruence
on RX ∗ generated by T .
First, we prove that in the case of a free monoid semiring RX ∗ and T ⊆X ∗ ×X ∗
the following simpli4cation of the Mal’cev description [3] of (T ) holds.
Lemma 1. Let T ⊆X ∗ ×X ∗; and let a; b∈RX ∗. The pair (a; b) belongs to (T )
if and only if there exist a sequence a= z0; z1; : : : ; zn= b of elements of RX ∗ and
elements si; rij ∈R and ui; vi; wi; w′i ; cij ∈X ∗ (i=1; : : : ; n− 1; j=1; : : : ; ki) such that
z0 = s0u0w0v0 + r01c01 + · · ·+ r0k0c0k0 ;
· · ·
zi = si−1ui−1w′i−1vi−1 + ri−1;1ci−1;1 + · · ·+ ri−1;ki−1ci−1;ki−1
= siuiwivi + ri1ci1 + · · ·+ riki ciki
· · ·
zn = sn−1un−1w′n−1vn−1 + rn−1;1cn−1;1 + · · ·+ rn−1; kn−1cn−1; kn−1 ; (1)
where (wi; w′i)∈T or (w′i ; wi)∈T:
Proof. Denote by  the relation described above. Obviously,  is an equivalence
relation. We show that  satis4es the substitution property. To this end, it suIces
to verify that, for all a; b; c∈RX ∗, if (a; b)∈, then (a+ c; b+ c)∈; (ac; bc)∈,
and (ca; cb)∈. Assume that (a; b)∈, and let a= z0; z1; : : : ; zn= b be an associated
sequence satisfying (1). Then the sequence
a+ c = z0 + c; z1 + c; : : : ; zn + c = b+ c
establishes (a+ c; b+ c)∈.
To prove (ac; bc)∈, suppose that c= t1y1 + · · · + tmym, where tj ∈R, yj ∈X ∗.
Then, for any j=1; : : : ; m, the sequence
atjyj = z0tjyj; z1tjyj; : : : ; zntjyj = btjyj
is of the required form. Indeed,
zitjyj = (si−1tj)ui−1w′i−1(vi−1yj) + (ri−1;1tj)(ci−1;1yj) + · · ·
+(ri−1; ki−1 tj)(ci−1; ki−1yj)
= (sitj)uiwi(viyj) + (ri1tj)(ci1yj) + · · ·+ (riki tj)(cikiyj):
Therefore (atjyj; btjyj)∈, for every j=1; : : : ; m. Thus
(ac; bc) = (at1y1 + · · ·+ atmym; bt1y1 + · · ·+ btmym) ∈ :
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Similarly, (ca; cb)∈. Thus  is a congruence relation on RX ∗. Moreover, since
T ⊆, it follows that (T )⊆.
To prove that  is contained in (T ), take any pair (a; b)∈ with an associated
sequence a= z0; z1; : : : ; zn= b satisfying (1). Since the mapping
 	→ siuivi + ri1vi1 + · · ·+ riki viki
is a translation of RX ∗, we get {zi; zi+1}∈(T ). The transitivity of (T ) implies
(a; b)∈(T ), as required.
Now, we are ready to prove the following.
Theorem 2. Let (X; T ) be a 2nite string rewriting system presenting a monoid M .
Then; for u; v∈X ∗; the following conditions are equivalent:
(i) u ∗↔T v;
(ii) (u; v)∈(T ):
Proof. (i) ⇒ (ii): Suppose that u ∗↔T v. Then there exists a sequence u= z0; z1; : : : ;
zn= v in X ∗ such that {zi; zi+1}= {uiwivi; uiw′i vi}, where (wi; w′i )∈T or (w′i ; wi)∈T .
Obviously, the sequence satis4es (1) with si =1 and rij =0. Hence (u; v)∈(T ), by
Lemma 1.
(ii)⇒ (i): Suppose that (u; v)∈(T ). Then by Lemma 1 there exists a sequence
u= z0; z1; : : : ; zn= v in RX ∗ satisfying (1). For elements d∈X ∗ and z ∈RX ∗, denote
by d(z) the coeIcient of d in z.
Let us prove that, for every zi (i=1; : : : ; n),
∑
{d|d ∗↔ T c}
d(zi) =


1 if c= ∗↔ T = u= ∗↔ T ;
0 if c= ∗↔ T = u= ∗↔ T :
For i=0, the claim is obvious. If the assertion is true for i, then it is true for i+1 as
well, because uiwivi and uiw′i vi are in the same
∗↔T -class. We conclude by induction
that the assertion is true for i= n.
In particular,
∑
{d|d ∗↔T u} d(v)= 1, and so v∈X
∗ implies v ∗↔T u. This completes
our proof.
The above reasoning gives a new proof for the following result of Madlener and
Reinert [2].
Corollary 3. Let (X; T ) be a 2nite string rewriting system presenting a monoid M .
Let PT = {l − r | (l; r)∈T}; and let ideal(PT ) be the ideal generated by PT in the
monoid ring K[X ∗] over a 2eld K. Then; for u; v∈X ∗; the following conditions are
equivalent:
(i) u ∗↔T v;
(ii) u− v∈ ideal(PT ).
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Note that the above proof carries over to the more general case of -rings with
zero and with multiplicative identity element, and Theorem 2 remains valid in this
setting, too. Recall that an -ring is a universal algebra of signature  consisting of
permutable operations, equipped with a binary associative multiplication connected with
operations in  by two-sided distributivity. -rings provide a natural common gener-
alization of rings (when = {+;−; 0}), semirings (when = {+; 0}), and semigroups
(when = ∅). For the formal de4nition of an -ring the interested reader is referred
to [1].
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